Towards an Effective Action for D-Branes 
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Abstract: We introduce and review several indirect methods to calculate the effective 

action for a single D-brane or a set of coinciding D-branes. 
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■ 1 Introduction 
p ■ 

The knowledge of the effective action for one or more D-branes is one of the few tools 
available to study D-brane dynamics. The effective world volume action for n coinciding 
Dp-branes is, in leading order in a', given by the d = 'd N = 1 supersymmetric U{n) 
r-| ! Yang- Mills action dimensionally reduced to p + 1 dimensions pQ . For a single D-brane, 
n = 1, the effective action is known to all orders in a' in the limit of constant (or slowly 
varying) background fields: it is the d = 9 + 1, N = 1 supersymmetric Born-Infeld action, 
dimensionally reduced to p -|- 1 dimensions, PI ^ P] • Both bosonic and fermionic terms as 
5^ \ well as the couplings to the bulk background fields are known. Derivative corrections were 
studied in ^U] (using the partition function method), in TT (using boundary conformal 
field theory) and ^2] (using the Seiberg-Witten map). Modulo field redefinitions, it was 
shown that there are no two derivative corrections and a proposal for the four derivative 
corrections was made through all orders in a' . 

For > 1, the situation is more involved. Requiring the background fields to be 
constant brings one, because of -Da-Pfec = ^ [Fab, Fcd\ = 0, back to the abelian situation. 
So here, one has to deal with derivative corrections right from the start. Only partial 
results are known. Indeed, there are no 0{a') corrections and the 0{a''^) corrections 
were calculated from open superstring amplitudes in [12]. Requiring that certain BPS 
configurations solve the equations of motion allowed one to calculate both the a'^ jHj, 
and the a"^ ^3], corrections (see also the summarizing equations in [IB]). 

As a direct calculation starting from open string scattering amplitudes is technically 
very involved, indirect methods are called for. In this paper we will review some of those 
and outline some of the future strategies. 
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2 Linear Constraints on Magnetic Fields 



One of the most powerful methods to construct the effective action for D-branes rests on 
the requirement that certain configurations which generahze d = 4 instantons solve the 
equations of motion. In this section we review these configurations in the a' — > limit. 
The Yang- Mills equations of motion^, 

DbFha = 0, (1) 

are solved by virtue of the Bianchi identities if one imposes, 

Fab OC SabcdFcd, (2) 

where Sabcd is completely anti-symmetric in its indices. If one insists on preserving Lorentz 
covariancy, one is limited to c? = 4 and one deals with instantons. In YJ^ the maximal 
subgroups of S0{2m) for which e transforms as a scalar were catalogued. Two generic 
cases emerged: U{m) C 5*0(2771) and S0+{7) C 5*0(8). The latter is one of the 5*0(7) 
subgroups of 5*0(8) for which the vector and one of the spinor representations decompose 
as 8 = 8, while the other spinor representation decomposes as 8 = 1 © 7. This result is 
clarified if one passes to complex coordinates. The equations of motion become, 

= DpF-p^ + D-pFp^ 

= D^F-pp + 2D-pFp^, (3) 

where we used the Bianchi identities. The equations of motions are solved provided one 
imposes, 

Fal3 = F^p = 0, Faa = 0, (4) 

where in the last equation a summation over a is understood. This corresponds to the case 
SU{m) C S0{2m). The first two equations are recognized as holomorphicity conditions 
while the last is the stability condition; eq. (jH) defines a stable holomorphic bundle. 
Passing back to real coordinates, one verifies that for m = 2, these are equivalent to the 
instanton equations. The exceptional case 5*0+(7) C 5*0(8) is also easily dealt with. 
Indeed taking m = 4 and modifying eq. (jH) to, 

Fal3 = -^^alS'ysF^Sy Fact = 0, (5) 

one again solves the equations of motion. These equations are known as the octonionic 
instanton equations which generalize the ordinary - also known as quaternionic - instanton 
equations. Turning back to real coordinates, eq. (0) can be rewritten as, 

F»a = ^fabcFbc, a, b, c e {!,■■■ , 7}, (6) 
with fabc the (completely anti-symmetric) octonionic structure constants, 

/l27 = /l63 = /l54 = /253 = /246 = /347 = fbGl = 1- (7) 

Written in this way, it is clear that this is the d = 8 generalization of the well known 
d = 4 (quaternionic) instantons, 

F^a = ^SabcF bc, a, 6, c G {1,2,3}. (8) 



^ We work in flat Euclidean space of dimension d = 2m. Unless stated otherwise, we sum over repeated indices regardless 
their position. In the next sections we will often put 27ra' = 1. 



For m < 4, the solutions discussed above are BPS configurations of D-branes. For 
generic values of the magnetic fields satisfying eq. (jlj), one has 8, 4, 2 unbroken super- 
symmetries resp. for m = 2, m = 3, m = 4 resp. The octonionic configuration, eq. (0) 
leaves a single supersymmetry unbroken. Explicit solutions to these equations can be in- 
terpreted as certain stable arrangements of D-branes. An exception on this are solutions 
of the octonionic type which generically have no concrete realization in terms of D-branes. 
However, even there some progress is being made. Indeed, starting e.g. from eq. (jH)) in 
the abelian limit and dimensionally reducing it to d = 3, one obtains the Dirac monopole 
which can be viewed as a single D3-brane with a stack of Dl-branes perpendicular to 
it. The number of Dl-branes corresponds to the monopole number. This is the so-called 
Blon configuration jTHj, JH!- Similarly, eq. ^ in the abelian limit dimensionally reduced 
to d = 7 can be reinterpreted as a single D7-brane with a configuration of D5-branes each 
having 4 directions longitudinal to the D7-brane. In addition several stacks of D3-branes 
and a stack of Dl-branes can be added [20] • Their possible locations are determined by 
the octonionic structure constants. 

Note that the BPS equations for m > 2 do get a' corrections. As these solutions have 
to solve the equations of motion of the effective action, it was suggested in |21j that they 
might provide a handle on the a' corrections in the effective action. In the next section 
we will see that this is indeed the case. 



3 The Effective Action from Stable Holomorphic bundles 

A natural question which arises is whether we can deform the Yang-Mills action in such 
a way that stable holomorphic bundles - or some deformation of it - remain solutions 
to the equations of motion. As an example, we look at the abelian case and assume the 
fieldstrengths to be constant. We then add terms polynomial in the field strength to the 
action ignoring derivative terms, arriving at the following most general action through 
order a'^, 



(9) 



with Ai and A2 arbitrary real coefficients^. From this the equations of motion follow, 
= + +(4Ai + 16A2)9^F2^F,^ + 

16A2F2_a^F„^ + 8XiF^-^d^F^^ + (10) 

where we passed to complex coordinates, used the Bianchi identities and implemented 
the holomorphicity conditions. The first term vanishes provided we deform the stability 
condition, 

F.^ + ^Fi. + Oia") = , (11) 
while the second term vanishes if, 

A2 = -^Ai. (12) 

The stability condition in leading order takes care that the remainder vanishes as well, 
but because of eq. (fTTj) they will make a contribution at order a"^ thereby relating Ai to 
the arbitrary coefficients at that order. 

'^F'ab stands for Facj-Fcica ■ ■ ■ Fci_ib and trF' =F^aa- 



We see that at this point there are two undetermined coefficients left: an overall 
multiplicative constant 1/ Qym ^i- The latter can be absorbed by rescaling F, putting 
Ai = 1/8, its conventional value. Proceeding to higher orders, one finds that all coefficients 
get uniquely fixed, yielding the Born-Infeld action [22]! 

This method can be extended to the non-abelian case as well. In this way the action 
was obtained through order a'^ ^S]. Modulo field redefinitions it is given by, 

£ = ^ (£0 + A + A + A) , (13) 



where the leading term is simply 



9' 
3 



£0 = = -Tr {\f^\. (14) 



Subsequently we have 



and 



£2 = STr { -F^ - -F'F' \ , (15) 



A = ^-^Ti{[D,,D2]D,F,,D^[D,,D^]Fr2}. (16) 

The overall coefficient of this term remained undetermined^ when using the method of 
|22] • It was fixed by comparing it to the partial result for this term in [221 obtained by a 
direct string theoretic calculation. Finally the fourth order term is completely determined 
by the method of [221 it is given by, 

Ca, = Cifl + £4,2 + ^4,4: , (17) 

with 

^4,0 = —STr ^— F12F23F34F45F56F61 — — -F12-F23F34F41F56-F65 + ^^-Fl2-F2iF34F43F56F65 
^4,2 = ~4g^'^^( ~ 2 Fi2-Di-D6-D5-p23-D6-^34-^45 — -^12-05-06-^23-06-01^34^45 

+ 2 Fi2 [De, D,] D^F^^F^D^F^Q + 3 D^D.F.^F^s [D^, D,] F^^F.^ 
+ 2 [D4, D5] FUF23D1F3A + 2 DeD^Fi^ [D^, Di] F23F34F45 
+ 2 [^6, Di] DsD 

4-^12-^23-^45-^56 
+ [^6, A] F12F23 [^3, ^1] i"45i^56^ 

A,4 = -Y^STr(D6[D4,/^2]/^5/^5[^l,/^3]^6i"l2F34 +4D2Z^6[^4, A][/^5, [De, Ds]]D,FuFs, 

+ 2 D2[D,, D4] [^6, ^i]^5[^5, Ds]FuFs, + 6 D^iD,, D^]D,[De, D,][D,, D^]F,A 
+ 4 DeD,[De, D4 [D5, 0>i] [D4, D^]F^2F2z + 4 ^6^5 [A, D2] [D^, Di] [D5, D3]FuFu 
+ 4 De[D,, D4] [0'3, 0)2] [0)5, [De, /^i]]Fi2i^34 

+ 2 [^6, ^i][^2, D(,][D,, D,][D,, D,]FuFu 



^The u{n) generators are taken to be hermitian. We always trace over the Lorentz indices and Tr and STr resp. stand 
for the group trace and the symmetrized group trace. When symmetrizing, we take D'_F as a single unit. 

*This is fortunate, as our method can only generate rational coefficients while <^(3)/tt^ is very probably an irrational 
number. 



It is clear that the result is quite complicated. In this form it does not particularly 
suggest any all order expression. The lesson which can be learned here is that it might 
be a good idea to return to the simpler abelian case and try to obtain control over the 
derivative corrections. Precisely this will be tackled in the next section. 



4 The Effective Action from /3-Functions 

In this section we turn to an alternative way to recover the effective action. We consider 
an open string a- model in a U{1) background and require the model to be conformally 
invariant at the quantum level, i.e. we require the /9-functions to vanish which is viewed as 
an equation of motion which subsequently must be integrated to the effective action. The 
n-loop contribution to the /^-functions gives 2n — 2-derivative corrections to the effective 
action. A great advantage of this approach is that the results are always all order in a'. 
At lowest order, this was already studied in see also Plj. The calculations are greatly 
simplified when formulating the model in iV = 2 boundary superspace. In this setting the 
whole U{1) structure is characterized by a single scalar potential V. The model at hand 
is a special case of the general setup developed in |2S|- 

We introduce chiral fields, Z", and anti-chiral fields , Z", a G {1, ■ ■ -m}, satisfying the 
constraints, 

DZ"" = DZ"" = 0. (19) 
In addition we need a set of fermionic constrained fields \Ef" and which satisfy, 

L>*" = a^Z", = (9^Z". (20) 

The action, S, consists of a free bulk term, Sq, and a boundary interaction term, Sint, 

S = So + Sint, (21) 

where, 



Sint = - [ drdHV{Z,Z). (22) 



In these equations, we rescaled Z resp.) by a factor \/2Tia' such as to make it dimen- 
sionless (of dimension 1/2 resp.). We choose Neumann boundary conditions. 



boundary ^ boundary ^' 

(23) 



The boundary term gives the coupling to a U{1) background field. The magnetic fields, 
appropriately rescaled by a factor 27ra', are obtained from the potential, 

Fa(3 = F^-p = 0. (24) 

Calculating and resumming the UV divergent one loop contributions yields, using 
minimal subtraction, a counterterm, 

V,are = V + g'^'^ (arcth F). , (25) 



with jj, the UV cut-off. Requiring the one-loop /3-function to vanish yields, 

g'nFca = 0, (26) 

where Q is defined by, 

g^%g,, - (F'U) = 61 (27) 

We immediately recognize eq. ()2(j|l as the equation of motion for the Born-Infeld action. 
Proceeding to the next order one finds that the In /i divergences cancel between the 
two-loop diagrams and the subdivergent diagram, leaving a (In /i)^ divergence. As a 
consequence, the /3-function does not receive a two-loop contribution. Put differently: 
there are no two- derivative terms in the effective action, a result already derived in PH] . 
Presently the 3- and 4-loop contributions are being calculated and all order properties are 
being investigated [26j . 



5 Conclusions 



It is clear that an all order expression for the effective action for D-branes will not be 
available in an immediate future. However, combining various indirect methods such 
as deformed stable holomorphic bundles and cr-model /3-functions will probably lead to 
concrete results for at least the abelian case. 
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